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EDITORTAL FOREWORD

The earliest random sampling experiments svere no doubt those in which
dice or coins werce tossed and a comparison made between observed
frequencies and mathematical theory. In 1907 a new type of artificial
sampling experiment was introduced by “Student™.* In this case the
values of two correlated variables, x and y, for each of the individuals
of a population of 3000 were written on slips of cardboard and thesc
were drawn from a receptacle, four at a time, with subsequent replace-
ment and shuffling. T'he resulting frequency distributions were used\
to check the adequacy of certain theoretical probability laws which
“Student” had derived mathematically. Some fiftcen years later further
extensive sampling experiments were being carried out in the,'B«iometric
Laboratory at University College to test the adequacy of oth€r'theoretical
distributions and the difficulty of performing a shuffihg*of cards or
tickets both quickly and thoroughly was realized.. &) Karl Pearson
suggestion, L. . C. Tippett prepared a list of sandom numbers
collected from pages of Census Reports, to hclqh\im in an inv thlga‘tlor}.
he was carrying out regarding the distribufioh of range.t Afterwards
it was realized that these numbers would? De of considerable value in
other inv CStigdtiOIlb, and they were coHéé‘ted and published in 1927 as
No. XV of this series of Tracts for Cleniputers.

Since that date there has been“ﬁ“’%”écﬁf AU RRERA RS Bhis T'ract; not
only has it been of value in futhér problems concerned with testing the
adequacy of theorctical fOLmzh’te, but a new type of requirement for
random numbers has n‘%} 'I'he experimentalist is often no longer
content to accept his sarapl(, as 1t cornes, as probably random, but makes
sure, where he can, thit this result is achieved by introducing an artificial
randomization p{ébebq

In several Jengthy sampling investigations, the 40,000 numbers of
Tippett’s series have been found inadequate; while this difficulty can to
some, extmt be overcome either by reading the numbersin fresh directions
ar b'_* Lhangmg the sampling scale which connects the numbers with the
statistical variable, this procedure is clearly not altogether satisfactory.
It involves additional labour, besides resulting in a lack of complete in-
dependence among the total sct of samples. 'I'he new series of 100,000
random digits produced mechanically by M. 5. Kendall and B. Babington
Smith, and published in this corapanion Tract, No. XXIV, will thercfore,

* Same account of this work has been given recently in a biographical article entitled

“William Scaly Gosset, 1876-1937 ", Biomeirika {1938}, 30, p. 22
T L. H. C. Tippectt {1925}, Biemeirtka, 17, 364.



vi EDITORIAL FOREWORD

it is hoped, prove a welcome addition to the statistician’s collection of
useful tools. An additional guarantce of the random arrangement of
the numbers has been provided, which was not available in the case of
"I'ract No. XV; the whole series has been submitted to the four very
searching tests of local randomness which its authors have developed
and described elsewherce. Finally, what it is hoped is an improved
presentation of the numbers has been achicved with the help of the
Cambridge University Press.
E. 5. PEARSON
Depariment af Statistics

August 1930 . <\
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INTRODUCTION

Tt was recognized by some workers early in the development of statistics
that many of the methods which might reasonably be expected to yield
random samples are, in fact, biassed. The evidence which has since
accumulated supports that view. It seems that wherever any buman
element of choice is allowed free play, as, for instance, when an observer
selects “‘at random™ by eye a number of plants in a ficld, or draws cards
“haphazardly” from a pack, bias inevitably creeps in. There may be
individuals whose psychological processes are so fincly balanced that
they can deliberately choose random samples; but they are the exception

not the rule, and the ordinary statistician dare not use his own nervalis"
mechanism as a random selector., 'S

There is thus a need for an objective method of dmwing,r'aht}om
samples, which form the basis of a large section of theoretigal and
practical statistical studies. In the search for a reliable miethod many
devices have been tried, but those which offer the gréatest a priori
prospect of randomness are unfortunately difficult toagield in practice.
A great advance was made with the publication of L»’H. C. 'T'ippett’s
Tables of Random Sampling Numbers in 1g27.* Themethod of Random
Numbers is the most reliable and often the spc{diks't method of drawing
random samples from an cnumerable univesgs, Other methods may be
quicker and just as adequate for particular”universes; but no other

" method is known which can in practice héwsed without misgiving on any
universe. T o

Tippett's tables were publishcc\%;_%ﬁ}“}] i 5’%’-&1‘3;{;]_0%51@_2}5 on the theory
of random sampling numbers, thc}ng i the mam sound, were intuitive.
In two recent papers] BabingtonSmith and I have attempted a sketch of
a theory on which the use of 8ch numbers may be more irmly founded.
It was shown in the firstSof those papers that the use of the same set of
numbers over and ovex again in the same sampling experiment was
illegitimate; and it.wgs'mentioned that, in consequence, there was some
necd for more cxtéisive tables to supplement Tippett’s, which include
only 40,000 digifgy

‘I'he presenfuthbles, consisting of 100,000 digits, are intended to fll
that need. They will, T hope, be sufficient for any sampling inquiry
likely to-Bebencountered in practice at the present time.

The:xﬁlmbers were taken from the machine described in the papers
alréady referred to. It has long been held that mechanical methods of
constructing random series are untrustworthy. This is demonstrably
true of the cruder methods such as spinning a roulette wheel or throwing
dice. The machine used for the construction of these numbers was,
however, designed to eliminate sources of bias which could reasonably

# Tracts for Computers, No. 15,

T Some illustrations of the way in which Random Sampling Numbers may be used
in practice are given in Karl Pearson’s Preface to Tippett’s T'ables.

T “Randomness and Random Sampling Numbers”, ¥. R. Statist. Soc., 1938, T01,
157, * Second Paper on Randomn Sampling Numbers, . R. Statist. Sec. Suppl. 1934,
8, 5I.



Vil INTRODUCTION

be expected to occur and it would have been surprising if any gross bias
had appeared. But the randomness of the numbers 1s not to be decided
on g preori grounds, An appeal must be made to the internal evidence of
the numbers themselves, Any set of numbers whatsoever is random in
the sense that it might arisc (though very infrequently) in random
sampling from the numbers o to 9. A set of Random Sampling Numbers
should be of such a kind as to give results approximately in accordanee
with expectation when used in modcrately small amounts or en bloc.
Thesc arc not aims which can be attained to the full, but it is possible
to go a long way towards satisfying them.

For instance, one of the purpeses for which the numbers are most
frequently used is the drawing of a random sample from a universe
whose members are enumerated in some simple way, 1f the methad is to
be satisfactorily random it should, if pursued, cduce each meémber of
the universe approximately equally frequently. To take the,simplest
case, if we wish the numbers to be random for the selection of samples
from a universe of 10, we expect the tables to contain wpproximately
equal numbers of cach digit. By an easy cxtension of thefesult we expect
cqual nimbers of the 100 possible pairs of digits;ad so on,

There are an infinite numbcr of tests of thig\ature which can be
applied to a set of Random Sampling Numbepsh'In practice a selection
among them may be determined by two desiddrata: (@) the tests should
be capable of revealing any particular sor ?c‘}hias to which the numbers
are susceptible in virtue of their modedf formation; (6) the tests shoutd,
so far as practicable, ensure the ramdémness of the numbers for the
commoncr types of sampling enquiry:

The numbers of the following tables have been subjected to four
tests, which %Ev?%ﬁl%{‘b%l E}h‘g}%{ﬁ&f’gf‘%} these requirements.

(1) In the block of numbdc?s t¥sted the frequencics of occurrence of
each digit 0-g were notedand comparcd with the expected values (each
of which was one-tengh the total number of digits in the block). This is
referred to as the fréghency test.

(2) Similarly, the frequencies of occurrence of the pairs oo—gg were
counted and cofpared with expectation. This is referred to as the serial
test,

(3) 'l‘he.@l&mbers are printed in blocks of four digits. In these blocks
were ngtedthe frequency of occurrence of sets of four digits of the same
kind, 'Ljh}cc of one kind and onc of another, two pairs, one pair, and all
different digits. As usual, these frequencies were compared with ex-

spéctation, the test being called the poker test, from an analogy with the
card game.

(4) 'The lengths of gaps between successive zeros werce counted and a
frequency distribution compiled for comparison with expectation. 'I'his
test is called the gap test.

‘I'he first three tests were applied to cach of the hundred blocks of
1oco digits given in the table. (The gap test was not applied because the
expected frequencies are small naless a very coarse grouping is adopted.)
"T'he individual thousands were then grouped in twenty blocks of 5000
and the four tests applied to each block. Thesce in turn were amalgamated
into four sets of 23,000 digits and the four tests applied. Finally the four
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tests were applied to the whole table. In comparing expectation and
observation the y? test was used throughout with rejection levels of
I and g9 per cent. Some of the results of these tests are given in the
second of the papers referred to above.

 One of the peculiar features of a table of Random Sarnpling Numbers
Is that it must contain here and there patches which are not suitable for
drawing a sample when used by themsclves. To put it roughly, the whole
table should obey the tests, and so should most of its parts; but if the
table when used as a whole is to supply a random sample or a series of
random samples it must give the unusual 2 chance of oceurring in its
due proportion, and that part of the table which does so may be unsuited
for use by itsclf.

The fact that a part of the table disobeys the tests is not, therefore, a
decisive indication that it should be excluded. On the contrary, one is{
entitled to expect that some parts should do so. In fact, a few of the
individual thousands in the present tables failed, as expected, to comply
with the tests. They have not been rejected; but a note hag\beén
appended to them to caution the reader from using them by théméelves,
"They may safely be employed in an investigation requiring théfull block
of five thousands of which they form part. (&

The thousands concerned, with the tests which they filed to pass, arc
as follows:

¥

N
Thousand Tailed to passt &
2H Serial test \S
47 Poker test \
49 Frequency and“gerial tests
E1 Serial tesg (W
o Serial tesy

\a\n,\;\}r_clbr:au!ibl'ar‘y,org_in . .
None of these five thousands was very divergent”from expectation in
these tests, certainly not suffidiently so to be detected by ordinary
inspection. 'I'he worst case, wag the 47th thousand, the poker test for
which gave a value of P eqhal to o-oo15; but here some grouping was
necessary because of small\theoretical frequencies in certain cells.

All the twenty sets efi§ooo digits, the four sets of 23,000 and the wholc
set of 100,000 abeydilfour tests.

Provided that thése thousands are avoided in experiments requiring
only a thousand\digits or less numbers may be taken by beginning any-
where in the tables. The usual methed is to open the book haphazardly,
but a systematic working through the book would do just as well. Unless
there jg"sowie good reason to the contrary the tables are to be read across
like an“erdinary page of print, This is the order in which they have been
read to be tested. The tests are, however, equally valid if the numbers are
read backwards and this procedure may also be adopted. I think it very
unlikely that any bias would be introduced if the numbers were read in
other ways, e.g. downwards, but it is as well not to incur the risk, how-
ever slight it may be. In his editorial introduction to Tippett’s tables
Karl Pearson suggested using parts of the table over and over again in
drawing different samples for the same experiment, e.g. by reading the
samc block of numbers across, then downwards, and then diagonally. I
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would myself recommend the avoidance of this kind of proc
owing to the possibility of introducing correlations hetween samp

I am greatly indebted to Mr Babington Smith, who has sacrii
great deal of leisure in running off all these numbers at the Depar
of Psychology of the University of St Andrews; and my thanks ar
due to Dr G. T'imms of the Mathematical Department at St Anc
whose advice on technical points in setting up the machine has
most valuable. In carrying out the tests of the numbers T have hg
assistance of my wife and of Mr D. Newman and Miss M. Fran,
the Department of Statistics, University College, London, which
glad to have the opportunity of acknowledging

M.
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NINETEENTH AND TWENTIGETII THOUSANDS
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TWENTY-TIRST AND TWENTY-SECOND TIHQUSANDS
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TWENTY-THIRD AND TWENTY-FOURTH THOUSANDS
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16 TWENTY-FIFTII AND TWENTY-8IXTH THOUSANDS
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#* This thousand does not obey the Serial Test and may not, therefore, form a suitable
set when used by itself. It may safely be used in conjunction with the following four
thousands or larger groups. (See Introduction.)
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32 87
25 58
o5 10
08 44

29 09

oo 50 Fozodw

81 99

G—I
43 63
26 30
0Q §7
38 8o
g4 o7
37 33
78 72
o5 g1
o3 14
05 22
oz 48
47 37
68 40
81 o1
74 72
73 21
8z 40
b1 49

95 98
of o2

37 76
73 68
o1 by
3% 22
3171

12
11 83
z8 17
74 00
6o 43
29 69
18 zp"

11\72

93 8352099
43 gal43 94

20 84
’.ﬁ;}IS
03 19
98 50
13 28
08 70
81 83
31 61

93 37
yb 18

z0 56
03 51
48 z6
70 §2
96 52

41 35
77 13
63 17
41 88
30 73

27 54
52 47
88 41
83 y=
fo 5§13

58 24
78 o7
28 o3
29 87
78 36

Forty-third Thousand

3
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73
81
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44
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2
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o4
53
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13
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21
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14
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48
64
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42
63
g
82
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55
53
44
26
74
48
55
77
82
37
49

63
34
24
a1
57
66
37
Bz
39
53
33
bo
58
67
43
56
23
67
64
25
73
83
49

73
oz

2r-24

31
68
ig
a3

73,

707
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42
o3
a7
57
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a5
56
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N
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34
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37 d
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s
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21
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7
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91
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a7
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93
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33
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55
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22
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g
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3is
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b1
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)
93
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34 b2
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40 01
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43 86
46 21
90 37
37 49
47 91
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8y
42
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b1
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o
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z3
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22
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81
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FORTY-FIFTH AND FORTY-S5IXTH THOUSANDS
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84 42 o1
44 68 71
71 31 04
19 56 oI
6453 53
8437 91
2r 88 83

6o 36 3o
5095 26
36 87 oy
42 04 40
58 45 13
2351 53
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174 43
63 55 =28
88 35 72
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74

o3
37
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Forty-fifth Thousand
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23
22
86
16
8a
1y
58
458
24
87
oo
o3
68
36
38
28
63
17
ta
TO
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10
1)
14

37
33
8o
94
47
g8
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a1
13
©3
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44
G4
8o
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44
29
26
11
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27
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T7-20
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40 55
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37 36
15 83
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53 33
65 8o
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zh oy
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33 o1
21 11
16 56
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-
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5%
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o
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s
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Forty- qlxth Thousand
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o7 b1
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6913
97 63
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FORTY-SEVENTII AND FORTY-EIGHTH THOUSANDS
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63
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67
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96 13
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81 96
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67 zo
85 o2
95 45
67 20
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75N 3
35 34
s8 13
g6 0o
63 24
36 o8
3225
G4 13
03 oh
a3 33
5326
46 44
8o 6o

0z 24
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28 83
34 37
ig 02

5010
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75 6z
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23 bz
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Forty-seventh Thousand*
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79
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33

33
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3
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I7—20

G
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47
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23
34
o4
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13
23
o7
77
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57
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20
42
28
81
94
Q7
33

23
15

o3
65
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o7
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)
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46
54
43
40
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28
41
T3
o9
of
a3
B3
16

2r-24

58
54
FI
63
04
of
41
33
52
87

T2

oo

18
16
33

6o
T

23

61
02
9g
25
0o
[ate)
ir
67
33
36

49

25-2%

Iz
27
76
3
42

5o
o4
533
94
o
18
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33
30
[414]
34
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70
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39
29
g0
70
23
e3
63
43
2n
38
26
68
94
[=1¢]
I
16
25
10
o4
66

6o
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26—

63
28
64
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37
97
35
1o
33
o0
2T
o7
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19
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26
63
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o.15)

7783» 10
44 6
ob 39 ,55‘28 co

Forty-eighth Thopsand
Py-rh

2T
OI
felel
23

]

s 77

23
84
28
28
30
47
it
32
74

z2
52
75

47,
10 6T %

135

at
73
T4
64

23
10

93 44

79
33
64
40
43
31
46

a8
72
LI
a5
20
73
43

rr-20

o8 ooy, e pllC

74
A3
(o)}
a5
=k}
97
1
1h

]

34
ob
25
O
a7

Y
Z1

55
sr

1T
31
84
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Ig
Ly
33
i__;S
83
57
61
74
14

71_‘;_’(

Y37
3
T4
93
63
86
316
Ly
oo

a4
84
42
97
g8
50
37
72
Z0
1

84
72
65
IT
21

35
20
39
g1

T4
15
74
7O
o5
51
73
2%
T3
a6
T3
14
14
40
&6

o5
37
41
53
14

25—

20
20
57
22
ob
T4
47

[a1a]

44
R0
27
27
o5
83
44
7
97
63
ob
89
kel
oI

38

a8

34—
52
7
31
68
1
&y
o7
98
40
78
o3
18

29
1
o3
949
79
It
83
o8
o1
50

33

26=]

aﬂg d’rzg

95
04
27
38
25
33

33
16

7
88
I4
54
10
511
32
56
63
o4
50
o4
58
38
17

32
76
97
76
98

40

29
94
45
afg
45
1z
95
41
3t
63
82
87
32

33-30

74

3o 3

o3
83
42
36
03
03
40
ob
06
7
42
g1
89
%o

88
b1
6

55
o8

64
z1
52
18

£
34
£z
97
54
14
QT
31

87

IS

22,

48

Hiniz

98,

66

LES “po oo

36,38

3‘3

B
e3

&4\\86 52

21

69
94
o1
52
94
74
29
18
635
53
85
89

31
13
732
33
74

45
39
77
6
22

76
o0
o
30
87

T
29
14
23
or

33=30

3
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29 6o

kE)
1z
16
o
41
I3
43
7
28
50
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37
g1
85
41
o3
63
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14
14
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52
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12
b1

o7
Gz
68
a8
48
71
69
67
40
&7
82
oT
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&7
67
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21
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34
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37
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:)b
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=8
e
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41
44
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o1
o7
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s
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00 3
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85
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# This thousand does not obey the Poker Test and may not, therefore, form a suitable
set when used by itself. It may safely be used in conjunction with the 45th, 48th, 49th and
soth thousands or larger groups. (See Introduction.}
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30 FORTY-NINTII AND FIFTIETII THOUSANDS

Forty-ninth Thousand*
I 8 G-Iz Iz-t Ip-zu 2i—24 23-28 29-32 33-36 3740
Booy 3545 5457 7775 3750 9007 7176 7728 5474 0606y
619y 0738 1814 6268 2479 8178 5879 o253 8g g7 %o 0z
67 60 3% 26 %I g4 3036 o050 4647 27 8o G921 36 50 36 21
65 z2 42 86 7377 6773 4139 0862 2547 7583 9034 733!
og27 Bs00 0473 4b73 2358y Bror B8 25 3716 8070 3447

67 42 y6 17 2745 3768 6016 Bsogr 1768 7959 9533 47 8¢
10 87 8610 48 83 7515 %3606 9756 7270 87 8r 12935 7o 62
1755 7395 2559 1084 6y86 2400 1574 6199 Boge 7583
32 06 B2 80 0488 1o27 or8:r 9704 oF 83 86 73 3016 5937
1313 7560 2904 8657 036r Iger F7I9 7117 0021 97 38

rro26 72 5102 7532z 1585 33710 3415 o8 36 46 73 6z 41 98 31
72 23 81 7o 3o 0368 vo72 3768 g272 5827 0920 45 67~\64. 72
73 28 34 3034 1480 3380 3783 2885 2440 3928 38746 Bo 1y
74 4066 8920 8787 181z 72 48 9669 6o 4y 2074 B638 58 24
rs 1731 B8¢z2 2933 o719 6063 g9 50 gg dz oz 78. %;}8 51 05

. £\
6 oo 88 3879 3153 o379 1684 1722 3867 72785238 5990
I7 2433 9348 6608 2082 o773 1413 1313 4941 8350 7B 16
I& 9772 78035 7304 4163 2446 4023 74 50,403 40 §7 91 31938
g 6199 1395 o955 93566 7628 o811 34 6{g16 27 81 88 32 67
20 3700 4505 0932 6381 59067 9345 4905 09 11 2477 Bo 4o

21 5042 4246 7721 0910 5794 u4 26 JHONEB 16 96 8r go 3z 15
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23 3283 3827 37353 9661 7ro4 spbSrozyy 8778 o3d3z 3480
2y 1218 77134 9639 1136 353844280 9337 7674 1882 406y
25 5172 73595 4162 3714 12 08N\ oo 6475 6977 90 57 oo 4s
Fiftieth Thousand
I-4 -5 g1z 13—:6.~j~;’—20 21-2¢ 2538 29-32 33-30 3740
54 67 o2 WywsdbppuljbragyTonggin 40 40 9I 50 7509 20 44 4y 18
30 47 48235 8708 06°3% orzo yz=23 6631 23710 4030 1683
76 39 92 25 04 90 580 o6 48 4108 o385 7056 5583 3783
86 74 8331 272208146 4198 1263 1903 5100 1712 OI 83
84 64 3979 9{’6.’44 8a 75068 3437 6963 6627 o215 42 64
14

9

B2 66 37 44 .63\ 70 52 9157 17060 3177 ©F 74 7944 4506
3722 333182936 2008 46234 9713 1975 1893 3030 5739
65 06 2388752772 0344 6old1 o893 54035 4467 8131 Bo82
35 44 9@34 o7 71 3252 8039 95356 2344 1400 3695 o3 8z
05 5417515 4574 1877 Bgob 0476 4742 2210 9767 9840

Ir 83MnJg3 65 8500 4838 3094 o707 7331 22355 3775 3971
I2 4% 09523 9373 8553 1533 1521 B8 23 g3o08 gBa2g 63523
13,%99'46 82 40 6o 82 8949 4834 o494 8637 9510 33508 4398
paNBo 68 83 40 86 os 63580 9236 o239 76604 o220 2808 23 84
"‘J,fj’g; ;0 o722 16352 2815 Gosgs 9915 of 82 4290 8617 21 go

-
2D DoenT T n ke B Rk

[

2o oy T Lo o b

by

\V25 8942 5152 4988 3754 44506 28 28 0361 3929 4003 of 28
17 9823 435906 o553 3060 8367 4999 2625 5440 738y 7873
8 g2 77 9235 3628 1839 2971 3497 9623 2278 30651 2747
I3 68 54 3z 27 2316 9rz2z o099 oo Il4 7524 86o3 63935 18 7y
20 9o 21 3077 4014 2736 2463 8633 7125 6905 3857 43549
r 3018 7590 6087 1044 1899 4123 8296 0305 o1 8y o4 84
22 o297 1600 2324 o942 OB 13 2560 6139 21 41 o1 Bz 94 23
23 H6 44 gozyr 8¢9 27 0384 go32 o865 2900 0051 0901 Tz 93
24 96 69 0320 Ooo4 oI 54 o807 o8 0 2220 ogar 6705 28213
25 53599 ocghr 48 15 9491 6824 o013 0760 5110 8935 2223

# 'This thousand does not oboy the Frequency and Serfal T'ests and may not, therefore,
form a suitable set when used by itself. It may safely be used in conjunction with the 46th,
47th, 48th and soth thousands or larger groups. (See Introduction.)
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FIFTY-FIRST AND FIETY-SECOND THOTSANDS
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08 go
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Fifty-first Thousand
I3—i6 I7-20 2724 2528 26-32 33-36
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set when used by itself. It may safely be used in conjunction with the preceding four
thousands or lurger groups. {See Introduction,)
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